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. Introduction:

The purpose of regression analysis is to construct a mathematical
model that describes the relationship between two types of variables
(independent & dependent), can predict how changes in the independent
variable will affect dependent variables and comprehend their relationship
with each other thanks to this model. The primary goals of regression
analysis involve defining the data, analyzing the relationship between
variables and estimating the model and its parameters to better explain the
data. Changes in the explanatory variables affect and control the dependent
variable. Using the regression model in predictions, decision-making, and
future planning.

Regression equations are commonly assessed using methods such as
maximum likelihood and least squares due to their computational capacity
and ease of usage. However, these methods may lose their effectiveness if
the data contains outliers. Robust regression techniques can be used in these
situations to produce more accurate estimates. (Cohen et al. 2002: 13)
(Ismael & Albairmani, 2021: 514)

Outliers are points in the data that show significant variation from the
data set's average values and may result from mistakes or natural variations.
Outliers have the potential to seriously impair an analysis, even if they are
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small. Robust regression techniques are commonly employed to obtain more
accurate estimates in such situations. (Ipek & Keser, 2023: 10).

The use of robust estimators often aims to reduce the impact of outliers

and accurately estimate parameters even when the basic assumptions of OLS
regression are violated due to the presence of outliers. A common robust
estimate method that modifies the loss function to decrease the impact of
outlier observations is binary quadrature functions. This method ensures that
outliers are down-weighted during the estimation process, resulting in more
accurate and trustworthy parameter estimates. (Wilcox, 2011: 20)
Tuning parameters are adjusted to raise statistical models' efficiency when
observations or outliers differ from established assumptions. Specifically,
tuning parameters are intended to strike a balance between robustness
(lessening the influence of outliers) and efficiency (ensuring accurate
estimation when data follows known patterns). (Chen & Paschalidis, 2018:
15)

The research's objective is to create a more efficient and robust
regression technique by using binary quadrature functions and improving
tuning parameter estimates. The proposed method aims to maintain the
efficiency and interpretability of the estimates while enhancing the reliability
of MLR models in the presence of outliers. By improving the estimation of
the tuning parameter and expanding on established robust methods, this
paper reviews common robust estimation techniques, the role of tuning
parameters is examined, popular robust estimating techniques are reviewed,
and approaches for identifying optimal values are assessed. This article aims
to present a robust method with an optimal tuning parameter that addresses
the outlier problem compared to the traditional robust method and has more
accurate regression coefficients.

. Multiple Linear Regression: Multiple linear regression (MLR) is an
analysis of statistics used to provide a mathematical explanation for the
numerous connections between the response (dependent variable) y and the
independent variables (X1, Xz,..., Xk). (Rencher & Schaalje, 2008:243; Ali &
Awaz, 2017: 42).

y=B0+BiXs+PXo+ ... + PXk t € ... (1)

Included in the regression model is an error term (¢) to account for
unobserved factors. The regression coefficients (Bo, B1,..., Px) represent the
parameters of the model, with each f; indicating the change in the expected
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value of y for a unit change in x;, holding other variables constant. The errors
are assumed to be normally distributed with a zero mean and constant
variance (¢ ~ N (0, ¢2). Under these conditions, OLS estimation provides
unbiased, consistent, and efficient estimates of the unknown parameters.
(Doane & Seward, 2021; Rawlings, Pantula, & Dickey, 1998:75)

MLR is applied models used for different purposes:

A.Prediction. Estimates of the individual parameters bg, bs,..., bk have little
significance for prediction compared to the overall effects of x variables on
y. To achieve good model performance, we need good estimates.

B. Describing the data: It is important to explain and summarize the data and
the variables used in the estimation.

C.Estimation of parameters. There may be theoretical ramifications for a
proposed model based on the predicted parameter values.

D.Selecting or screening variables. Determining and focusing the importance
of each variable in modelling the variance in y. VVariables that explain a large
variance in y are retained; Delete small contributions.

E. Output control: The causal relationship that is assumed to exist between y
and x variables. After estimation, the model can be used to control the
process's output when the inputs are changed. Systematic experiments can
give the best results.

MLR analysis of real-world data commonly encounters outliers or
observations that deviate significantly from the overall pattern. The accuracy
of the regression results can be significantly harmed by even one outlier.
(Cohen et al. 2002:60; Omer et al., 2024:115)

3. Outlier: Least squares estimates are the most accurate choice for estimating
regression coefficients when errors are normally distributed; however, they
may not be as precise when errors are skewed or contain significant outliers.
Outliers, or data points with unusually large errors, can significantly affect
the least squares fit. To address this issue, alternative fitting methods have
been developed that are less sensitive to outliers. (Seber,2003:265)

In regression models, outliers can occur in the dependent variable
(response variable) and are simply called outliers, or they can occur in the
explanatory variables, where they are known as leverage points. Leverage
points are classified as either good, which does not significantly affect the
regression equation, or bad, which affects the model coefficients. The
presence of outliers in both the dependent and explanatory variables can
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complicate the estimation process. Traditional estimation methods, such as
the least squares method, become ineffective if the model errors do not
follow a normal distribution. (Rousseeuw & Leroy,1987:216)

Dealing with known data contamination is relatively straightforward:
you can correct, delete, or replace contaminated data points. However,
dealing with outliers, which are rare and unusual data points, requires a
different approach. Here are three common strategies: (Belsley et al.
2004:15)

Delete outliers: Simply remove the outliers from the dataset and move
on with the analysis.

Revise the model: Modify the regression model to include terms that could
explain the outliers, such as interaction terms or higher-order terms.
Transform the data: Transform the data to normalize the distribution and
reduce the influence of outliers.

Robust regression: Use alternative regression methods that are less
sensitive to outliers.

There are various methods for detecting outliers in linear regression.
These methods can be categorized into graphical (Scatter plots, Box plots,
Williams plots, Q-Q plots and Graphs of predicted residuals) and analytical
approaches (Predicted residuals, Standardized residuals, Jackknife residuals,
DFFITS, Cook's distance and Atkinson's measure). These methods help us
identify data points that are unusual or don't fit the expected pattern,
suggesting they might be outliers.

. Robust Linear Regression Model: Robust regression is an important
alternative to parameter estimation in regression models, especially when
outliers affect the accuracy of traditional methods such as ordinary least
squares (OLS). These challenges arise when the assumptions on which the
model is built do not match the available information, leading to inaccurate
results and thus making traditional methods less effective. Unlike OLS,
robust regression takes outlier values into account and uses statistical
techniques to reduce the influence of these values on parameter estimates,
thus obtaining more reliable results. We can accurately detect outliers by
analyzing the residuals from a robust regression, allowing us to make
appropriate adjustments that traditional methods often fail to achieve. This
highlights the significance of robust regression for getting more precise
estimation results when dealing with difficult data that contains outliers. The
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main robust methods for estimating a robust regression model include M-
estimation (Reduces the influence of outliers by weighting residuals
differently (e.g., Huber loss)), S-estimation (Focuses on minimizing the
spread or dispersion of residuals (e.g., MAD)) and Mm-estimation (Uses a
two-step process: an S-estimate for scale, followed by an M-estimate for
parameters). (Rousseeuw & Leroy,1987:248)

. Binary Weighted Functions: The binary-weighted function uses different
weights to analyze data points if they are intrinsic or outliers. The weight
value (w;) for each observation (i) is given as follows:

1 if|n] <T

i~ {0 if|r;| >T 2)

In equation (2), (r;) represents the residual for observation i, and (T)

is a threshold used to identify outliers. This threshold is frequently
established based on the distribution of residuals, such as a multiple of the
standard deviation or the median absolute deviation. Observations that fall
within the minimum residuals are given a weight of one and are considered
identical, while observations that exceed this limit and have a weight of zero
are excluded and are considered outliers. (Kotlyarova & Zinde-Walsh,
2009:270)
. Role of Tuning Parameters: Tuning parameters act like thresholds or
weights, giving each data point relative importance. These weights
determine how much each point, especially outliers, will affect the final
value of the estimate. These parameters play a direct role in determining the
strength of the model and its ability to work efficiently. Robustness is the
ability of a model to achieve its main performance and resist when exposed
to extreme values in the data. Larger tuning parameters lead to greater power
because they reduce the influence of outliers through weights. (Gabor &
Banga, 2015:12; Sedeeq et al. 2023: 715)

Efficiency refers to the ability of a model to extract the true shape of
the data when the data follows its expected pattern (expected distribution).
The tuning parameters require attention and care to avoid loss of efficiency
on normal data (non-outlier data). Models that are robust and achieve
consistent performance may lose some of their efficiency, while models that
are tuned to high efficiency may be more sensitive to outliers. (Yonekura &
Sugasawa, 2023: 5)
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. Mean Square Error of parameters: In statistics, use parameter estimation
to build models that predict future outcomes. To gauge the accuracy of these
estimates, employ error metrics. A common metric is Mean Squared Error
(MSE).

MSE(8) = E[(6 — 6)?] ... (3)

This formula calculates the average difference (error) squares between
the estimate (6) and the true parameter (0). (Aduol, 2003:271)

MSE is crucial for evaluating the performance of various statistical models,
including linear, nonlinear, and machine learning models. Its importance lies
in its ability to assess both the systematic error (bias) and the variability
(variance) of the estimates. The primary objective of many statistical
modelling tasks is to minimize MSE, often requiring a balance between
reducing bias and variance

. Proposed Method: The proposed method includes choosing the optimal
tune parameter value that produces the minimum mean square error of the
multiple linear regression parameters and treating outliers through the
following steps:

Step 1: Iterate k from 0.1 to 10 in increments of 0.01. For each iteration,
employ a binary square weight function to estimate the parameters of a
robust MLR.

Step 2: Determines the optimal tune parameter value that gives the minimum
mean square error of the parameters estimated.

Step 3: Use a binary square weight function depending on the value of the
optimal tuning parameter in estimating the parameters of the robust
regression model.

Note that the proposed algorithm gives the largest value for the tuning
parameter in the absence of outliers in the data, which provides estimates of
the parameters of the linear regression model completely similar to the
ordinary least square method. The program handles heavily contaminated
data and multiple outliers by using the following strategies: The binary
square weight function reduces the impact of outliers by assigning them
lower weights, ensuring that they do not disproportionately influence the
regression parameters. The tuning parameter k is optimized to minimize the
MSE, ensuring the model adapts to the data and appropriately down-weights
outliers. Iterative Proposed: By iterating through different values of k, the
method ensures that the optimal level of robustness is chosen for the given
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dataset. This robust regression approach allows the method to effectively
handle heavily contaminated data or multiple outliers, ensuring that the
model remains reliable and accurate even in challenging scenarios.

9. Simulation Study: Experiment simulation is used to consider the
combination and repeat it (500) times for different instances, as seen below:

A.There are three sample sizes used: 30, 50, and 100.

B. The explanatory variables are independent from a normal distribution, where
p is the number of the explanatory variables, which can be 1, 2, and 3.

C.Add outliers to generate data using the randomizing function in MATLAB
(2 outliers).

Residual Case Order Plot

Residuals

5 10 15 20 25 30
Case Number

Figure 1: Residual case order plot for the first trial in simulation (n=30)
By observing the figure above, we find that the variable Y contains the
outlier values.

Table 1 presents the mean square error (MSE) following parameter
estimation for 1000 iterations of both the standard and new methods.
Because the MSE of the suggested method is lower than that of the classical
approach, it outperformed the latter in every simulation situation.
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Table (1): Results of Simulation experiments for new robust with classical

methods
Sample | OLS Robust NEw Optimal
P size(n) RObUSt Tune
MSE MSE MSE

30 2.2359 0.1809 0.1794 5.5849
1 50 0.7215 0.0988 0.0946 5.6284

100 0.2326 0.0488 0.0477 5.5724

30 1.4676 0.1350 0.1305 5.5647
2 50 0.4204 0.0666 0.0647 5.6061

100 0.1362 0.0337 0.0327 5.5844

30 0.6581 0.0840 0.0824 5.6138
3 50 0.2505 0.0422 0.0408 5.5728

100 0.0725 0.0209 0.0202 5.5749

10. Application Aspect: The effect of different concentrations of two drugs (two
independent variables) at different levels (xil, xi2) was studied on patients
with nephritis (inflammation of the kidneys), the response variable (Yi)
represents the number of cases of recovery because of taking the two drugs
through (15) observations representing (n = 15) samples (Appendix).

Residual Case Order Plot

100

50

Residuals

-50

-100

2 4 6 8 10 12 14
Case Number

Figure (2): Residual case order plot for real data
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The outlier values are found in the variable Y, as can be seen in the above
figure.
Table 2: Results of real data for new robust with classical methods

564.6658 10.1862 8.7345 4.9650

The calculated regression model is preferred, as evidenced by the
criteria comparing Table 2 of the new robust regression model, where the
MSE criteria value was lower.

Conclusions: The objective is to find a compromise between accuracy and
robustness such that the model continues to function properly even in the
presence of aberrant data points. To determine the best settings for a given
dataset, this approach frequently uses iterative testing. suggested that Results
from a tune robust estimation are more dependable and comprehensible
when there are anomalies or irregular data distributions. Less biased
coefficients, a better fit for the central data, and more precise standard errors
are the main distinctions from OLS. Because perfect data conditions are
uncommon in real-world data analysis, these results make robust estimation
very valuable.
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AppendixTable 2. Data of Nephritis patients

Samples Yi Xi1 Xi2
1 23 51 .39
2 21 .55 .28
3 80 .67 18
4 60 .63 15
5 20 23 54
6 25 .33 44
7 30 44 .35
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8 35 .60 .33
9 42 .83 22
10 100 .62 42
11 29 .70 .69
12 14 15 .55
13 18 .82 .67
14 34 A7 12
15 111 .78 .66
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